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_mlym-`n-ap-J-ß-fm-bn-´mWv krjvSn-®-Xv. AXp-sIm≠v Ah

]pd-sa-bp≈ cq]m-Zn-Isf am{Xw {Kln-°p-∂p. A¥-cm-flm-

hns\ Adn-bp-∂n√ F∂mWv C{μn-b-ßsf°pdn®p {]kvXm-

hn®p ImWp-∂-Xv. AXp-sIm≠v Cu C{μn-b-ßsf _mly-ß-

fmb cq]m-Zn-I-fn¬ \n∂pw {]Xym-l-cn®v A¥¿ap-J-ß-fm-°n-

bmte Bfl-Z¿i\w km[y-amIq F∂v ]mX-RvP-e-∑m¿ A`n-

{]m-b-s∏-Sp-∂p. Aßs\ {]Xym-lm-c-sa∂ tbmKmMvKw ioen-

®-h≥ am{Xta Bfl-km-£m-XvIm-c-tbm-Ky-\mIq F∂p h∂p

IqSp-∂p. t\m. C{μn-b-ßƒ
(s{]m^. B¿. hmkp-tZ-h≥ t]m‰n)

PymanXn
Geometry
kvt]kn-s‚bpw AXn-ep≈ hkvXp-°-fp-sSbpw KpW-[¿a-ß-

sf-°p-dn®p {]Xn-]m-Zn-°p∂ KWn-X-im-kv{X-im-J. "Py' (`q-an),

"sat{Sm¨' (A-f-hv) F∂o {Ko°p ]Z-ß-fn¬ \n∂mWv PymanXn

F∂¿Yw hcp∂ tPyma{Sn F∂ Cw•ojv kw⁄ cq]wsIm≠-

Xv. Pym-anXn°p ]e hn -̀m-K-ßfpw C∂p \ne-hn-ep-≠v. ka-Xe

Pyman-Xn (Plane Geometry), L\ PymanXn (Solid Geometry)
XpS-ßnb ¢m n-°¬ ]T-\-hn-̀ -m-K-ßfpw, Aaq¿Ø-ß-fmb Bi-

b-ßfpw Nn¥m-[m-c-Ifpw Dƒs°m-≈p∂ tSmt]m-fPn (Tropology)
t]mep≈ B[p-\nI hn`m-K-ßfpw CXn-epƒs∏-Sp-∂p.

teJ\kwhn-[m\w
I. BapJw

II. Pyman-Xn-bpsS hnImkw

1. {]mNo\ PymanXn

i. CuPn-]vXp-Im¿, _m_n-tem-Wn-b-°m¿

ii. {Ko°p-Im-cpsS kao-]\w

2. PymanXnbnse B[p-\n-IX

i. {]t£]ob PymanXn

ii. PymanXnbpw _oP-K-Wn-Xhpw

iii. Ah-Ie PymanXn

iv. hnh-c-Wm-flI PymanXn

v. Abq-¢o-Un-b≥ ]›m-Øew

(vi) doam-\n-b≥ PymanXn

(vii) tSmt]m-fPn

III bq¢o-Un-b≥ PymanXn

1. bq¢n-Uns‚ BIvkn-b-ßƒ

2. ka-Xe PymanXn

3. {]ta-b-ßfpw sXfn-hp-Ifpw

4. \n¿an-Xn-Iƒ

5. L\ PymanXn

6. Aaq¿Ø-ß-fmb bq¢o-Un-b≥ PymanXn

IV hnt«-jI PymanXn

1. t\¿h-cIƒ

2. hrØw

3. tImWn-I-ßƒ

4. {Xnhn-aob hnt«-jI PymanXn

V Abq-¢o-Un-b≥ PymanXn

1. ssl]¿s_m-fnI PymanXn

2. Fen-]v‰nI PymanXn

I. Bap-Jw. {]mNo\ \mK-cn-I-X-I-fpsS {]mtbm-Kn-Im-h-

iy-ß-fp-ambn _‘-s∏-́ mWp PymanXn Dcp-Øn-cn-™-Xv. BZy-

ImeØv CuPn-]vXnepw sak-s∏m-t -́an-b-bnepw `qan Af-°m≥

k¿th-£Ww sNøp-∂-h¿ PymanXn D]-tbm-Kn®pXpS-ßn.

]n∂oSv {Ko°p-Im-cpsS kw`m-h-\-I-fn-eqsS PymanXn Hcp imkv{X-

ambn hf¿∂p.

Hcp t\¿h-cbv°p sNdnb tXmXn-em-sW¶nepw Hcp hoXn-

(width)bpw k¶o¿W-amb X∑m{Xob LS-\-bp-ap-≠v. F∂m¬

KWn-X-im-kv{X-]-c-amb Ah-tem-I-\-Øn¬ Ch-sbms° Ah-

K-Wn®v tcJ-bpsS \ofhpw EPp-Xz (straightness) hpw am{Xw

IW-°n-se-Sp-°p-∂p. AXp-t]mse Hcp d∫¿ ]¥ns‚ BIr-

Xn-bn-ep≈ G‰-°p-d-®n-ep-Iƒ Ah-K-Wn®v AXns\ KWn-X-

im-kv{X-]-c-amb Hcp tKmf-ambn Icp-Xp-∂p. Npcp-°-Øn¬

`uXnI ]Zm¿Y-ß-fpsS amXr-Im-cq]w (idealised shape) BWv

Pyman-Xn-bn¬ ]cn-K-Wn-°p-∂-Xv.

II. Pyman-Xn-bpsS hnIm-kw. BZy-Im-eØv Irjn-`q-

an-bpsS Acn-I-f-hv, hnkvXo¿Ww F∂n-h-bpsS \n¿W-b-Øn\pw

]m¿∏n-S-ßƒ, Bcm-[-\m-e-b-ßƒ, ]nc-an-Up-Iƒ, tXmSp-Iƒ

F∂n-h-bpsS \n¿am-W-Øn\pw Pyman-Xo-b-cq-]-ß-fpsS \ofw,

hnkvXo¿Ww, D≈-fhv F∂n-h-sb-°p-dn-®p≈ kmam-\y-amb

Adnhp th≠nh∂p. ]nev°m-e-Øv, hnkvXr-X-ß-fmb `q{]-tZ-

i-ß-fpsS k¿th, `q]S \n¿am-Ww, `qan-bpsS BIrXn \n¿W-

b-\w, {Kl-ß-fpsS k©m-c-]-Y-]-T\w Ch-sbms° Pyman-

Xob ]T-\-ßsf hn]p-e-am-°n.

1. {]mNo\ PymanXn (Ancient Geometry).

(i) CuPn-]vXp-Im¿, _m_n-tem-Wn-b-°m¿. CuPn]vXv,

_m_n-tem-Wn-b, C¥y, ssN\ F∂o cmPy-ßƒ ]pcm-X\

ImeØpXs∂ KWn-X-im-kv{X-]-c-amb t\ -́ßƒ ssIh-cn-®n-

cp-∂p. _n.-kn. 4000˛300 Ime-L-́ Øv CuPn-]vXp-Imcpw  _m_n-

tem-Wn-b-°mcpw {XntIm-Ww, Zo¿L-N-Xp-cw, hrØw F∂n-h-

bpsS khn-ti-j-X-Iƒ kw_-‘n® Pyman-Xob hni-I-e\w

\S-Øn-b-Xns‚ Ncn-{X-tc-J-Iƒ e`y-am-Wv. Ch-cpsS \mK-cn-I-

X-Iƒ apJy-ambpw Irjnbn-e-[n-jvTn-X-am-bn-cp-∂p. AXn-\m¬

Irjn-ÿ-e-ß-fpsS Af∂pXncn-°enepw Ah-bpsS Np‰-fhpw

hnkvXo¿Whpw IW°pIq´p-∂-Xnepw Ah¿ {i≤ sNep-

Øn. ss\¬\-Zn-bnse sh≈-s∏m-°-Øn¬ Irjn-`qan \jvS-

s∏-´-h¿°v Ah-cpsS `qan-bpsS hnkvXo¿W-a-\p-k-cn®v Irjn-

ÿ-e-ßƒ ]p\¿\n¿Wbw sNbvXp-sIm-Sp-t°≠n h∂p.

PymanXn-bpsS XpS°w CXn¬ \n∂mWv F∂p _n.-kn. 5˛mw

i.-˛se {Ko°p Ncn-{X-Im-c-\mb slsdm-tUm-´kv tcJ-s∏-Sp-

Øn-bn-´p-≠v. _m_n-tem-Wn-b-bn¬ Pe-tk-N-\-Øn\p bq{^-

´nkv, ssS{Knkv F∂o \Zn-I-fn¬ \n∂p henb tXmSp-Iƒhgn

Pew sIm≠p-h-∂n-cp-∂p. Cu tXmSp-Iƒ \n¿an-°m≥ Ipgns®-

Sp-t°≠ aÆns‚ hym]vXw \n¿W-bn-t°-≠n-h-∂p. Bcm[-

\m-e-b-ßƒ, ]nc-an-Up-Iƒ F∂n-h-bpsS \n¿an-Xn°p hnkv-

Xo¿Ww, hym]vXw F∂n-hsb kw_-‘n® kmam-\y-amb Adnhv

Bh-iy-ambn h∂p. Ch-sbms° Pyman-Xn-bpsS XpS-°-Øn\pw

]ptcm-K-Xn°pw \nZm-\-am-bn. Alvsakv ]m∏n-dkv (_n.-kn.1650)

F∂ {]mN-o\ CuPn-]vjy≥ {KŸ-Øn¬ PymanXn-bnse Ipsd

{]iv\-ßfpw Ah-bpsS \n¿[m-c-Whpw AS-ßn-bn-´p-≠v.

(ii) {Ko°p-Im-cpsS kao-]-\w. Pyman-Xn-bpsS {]mY-anI

]mT-ßƒ Dƒs°m≠v ss[j-Wn-I-amb Xe-Øn-te°v BZy-

ambn A-t\z-j-W-am-cw-̀ -n-®Xp {Ko°p-Im-cm-Wv. Ah-cpsS KWn-

Xob kn≤m-¥-ßƒ cNn-°-s∏-´Xv _n.-kn. 600˛200 Ime-b-f-

hn-em-Wv. {Ko°p KWn-X-im-kv{X-⁄-cn¬ ]ecpw XØz-Nn-¥-

I¿ IqSn-bm-bn-cp-∂p. {]Ir-Xn-bpsS cq]-I-ev]\ Pyman-Xo-b-am-

sW∂v Ah¿ hniz-kn®p. "Cuiz-c≥ A\-iz-c-ambn Pyman-

XoI-cn-°p∂p (God eternally geometrizes)' F∂ tπt‰m-bpsS

km£y-s∏-Sp-Ø¬ {Ko°p-Im-cpsS KWn-X-k-¶ev]w hy‡-am-

°p-∂p. kzbw-kn-≤-ß-fmb {]kvXm-h-\-I-fn¬ \n∂p Imcy-

Im-c-W-k-lnXw \nK-a-\-ß-fn-se-ØpI F∂-Xm-bn-cp∂p Ah-

cpsS coXn. kzbw-kn-≤-ß-fmb CØcw {]kvXm-h-\-I-fmWv

A`n-Kr-lo-X-ßƒ (axioms). DZm. Hcp EPp-tcJ FXn¿Zn-i-I-

fn-te°v A\-¥-ambn \o≠p-t]m-Ip∂p; k∂n-]-Xn-°p∂

(coincide) cq]-ßƒ k¿h-ka (congruent)ßfm-Wv. Fen-
sa‚ vkv F∂ {KŸ-Øn¬ bq¢nUv (_n.-kn. 3˛mw i.) CØcw

A`n-Kr-lo-X-ß-fp-]-tbm-Kn®v A™q-tdmfw {]ta-b-ßƒ Ah-

PymanXn
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X-cn-∏n-®n-´p-≠v. bq¢o-Un-b≥ Pyman-Xn-bn¬ A°m-eØv Adn-

bm-am-bn-cp∂ _oP-K-Wn-Xhpw ImWmw. DZm. x2 – 8x + 7 = 0
F∂ ZznLmX ka-hm-Iy-Øns‚ \n¿[m-c-W-aqeyw kwJybv°p

]Icw Hcp tcJm-J-fi-ambn sImSp-Øn-cn-°p-∂p.

{Ko°v PymanXn ssIImcyw sNbvX {][m-\m-i-b-ßƒ k¿h-

k-aX (congruence), ka-cq-]X (similarity), XpeyX (equivalence)
F∂n-h-bmWv. AeIvkm≥{Un-b≥ Ime-L-´-Øn¬ (_n.-kn.

4˛mw i.) {Ko°v KWn-X-Øn\p {]mtbm-Kn-I-amb Hc-Sn-Ød

ssIh-∂p. C°m-e-ØmWv B¿°n-sa-Unkv π (ss])bpsS hne

\pw 
71
103 \pw CS-bv°m-sW∂p I≠p-]n-Sn-®-Xv. F.-Un. 18-

˛mw i. hsc KWn-X-im-kv{X-Øn¬ apJy-ÿm\w {Ko°p-Im-

cpsS ¢m nIv Pyman-Xn-°m-bn-cp-∂p.

2. Pyman-Xn-bnse B[p-\n-IX
(i) {]t£-]ob PymanXn (Projective Geometry). B[p-\nI

Pyman-Xn-bpsS Hcp {][m-\ -im-J-bm-Wn-Xv. {]Ir-Xn-bnse Pyman-

Xob cq]-ap≈ hkvXp-°ƒ°p {]t£-](projection)Øneq-sS-

bp-≠m-Ip∂ am‰-amWv CXn¬ ]T-\-hn-t[-b-am-°p-∂-Xv. {Xnhn-

aob hkvXp-°sf Zznhn-aob Im≥hm-kn¬ ]I¿Øm≥ Nn{X-

sa-gp-Øp-Im¿ \S-Ønb {ia-ß-fn¬ \n∂mWv Cu Pyman-Xn-

bpsS XpS-°w. 14-˛mw i.-˛-Ønse \thm-∞m\ (renaissance)-
tØmsS IqSp-X¬ bYm-XY(realistic)amb Hcp ssien Nn{X-

Im-c-∑m¿ kzoI-cn-®p. Ah¿ Ah-X-cn-∏n® {]t£-]w, tOZw

(section) F∂n-h-sb-°p-dn-®p≈ Bi-b-ßƒ KWn-X-im-kv{X-
⁄¿°p auen-I-{]m-[m-\y-ap≈ Hcp Pyman-Xob {]iv\-am-bn-

cp-∂p. {]t£-]-Øn-eqsS Pyman-Xo-bm-Ir-Xn-bpsS tOZ-Øn\p

am‰w kw -̀hn-°p-∂p-s≠-¶nepw AXns‚ a‰p KpW-[¿aßƒ°v

Hcp am‰hpw kw`-hn-°p-∂n√ F∂v Ah¿ a\- n-em-°n.

sPdmƒUv sZkm¿Kyp (1591-̨ 1661), sªbvkv ]mkvI¬ (1623-

˛62), Kmkv]m¿Uv tamwKv (1746-̨ 1818), t]m¨kse (1788-̨ 1867)

F∂n-h-sc√mw {]t£-]ob Pyman-Xn-bn¬ ]T\w \S-Øn-b-h-

cm-Wv.

(ii) PymanXnbpw _oP-K-Wn-X-hpw. 17-˛Dw 18-˛Dw i.-˛-ß-

fnse imkv{Xob ]ptcm-KXn IqSp-X¬ k¶o¿W-amb Pyman-

Xob {]iv\-ßƒ ssIImcyw sNøm-\n-S-bm-°n. tIm∏¿\n-°-

kn-s‚bpw sIπ-dp-sSbpw tPymXn-»mkv{X \nK-a-\-ß-f-\p-k-

cn®v, kqcys\ Np‰n-bp≈ {Kl-ß-fpsS ]Yw \n¿W-bn-°-s∏-
´-tXmsS tImWnI ]cn-t—-Z-ßsf(conic sections) Ipdn-®p≈

]T\w kPo-h-am-bn. ]oc-¶n-bn¬ \n∂p IpXn-®p-]m-bp∂ shSn-

bp≠ k©-cn-°p-∂Xv Hcp {]t£]y(projectile)Øns‚ ]Y-

Øn-eq-sS-bm-sW∂p a\- n-em-b-tXmsS Cu Pyman-Xob ]Y-

sØ-°p-dn®p IqSp-X¬ Adn-tb≠ Bhiyw h∂p-tN¿∂p.

CØcw Pyman-Xob {]iv\-ß-fn¬ _oP-K-Wn-X-Øns‚ D]-
tbmKw Is≠-Øn-bXv {^©p KWn-X-⁄-cmb sZ°m¿sØ

(1596-˛1650)bpw s^¿a (1601-˛65)-bp-am-bn-cp-∂p. Ch-cmWv A\-

en-‰n°v tPyma{Sn (Im¿´o-jy≥ tPyma-{Sn)-bpsS D]-⁄m-Xm-

°ƒ. CXn¬ Pyman-Xo-bm-i-b-ßsf _oP-K-Wn-X-hp-ambn ka-

\z-bn-∏n®v h{I-ß-fpsS ka-hm-Iy-ßƒ (equations) Fgp-Xp∂p.

ka-X-e-Øn-ep≈ Hcp _nμp-hn-s\-°p-dn-°m≥ kwJy-I-fpsS

{Ian-X-bp-‹hpw (ordered pair) kvt]kn-em-sW-¶n¬ {IanX

{XnIhpw (ordered triplet) D]-tbm-Kn-°p∂p. DZm. (x, y) Hcp

_nμp-hns\ Ipdn-°p∂p F¶n¬ BZy-kwJy x-\n¿tZim¶w:

_nμp-hn\v y A£Øn¬ \n∂p≈ AIew; c≠mw kwJy

y ˛ \n¿tZ-im¶w: _nμp-hn\v x A£Øn¬ \n∂p≈ AI-ew.

aqe-_nμp(origin)hn¬ \n∂v (x,y) F∂ _nμp-hns‚ AI-e-

amWv 22 yx + . tI{μw aqe-_n-μphpw Bcw (radius) r˛ Dw

Bb Hcp hrØ-Ønse GsX-¶nepw _nμp-hns‚ \n¿tZ-im-

¶-ßƒ (x,y) Bbm¬ x2 + y2 = r2 F∂p In´p-∂p. \n¿tZ-im¶ß-

fpsS ]c-kv]-c-_‘w Ipdn-°p∂ Cu _oPnb ka-hm-IyamWp

hrØ-Øns‚ ka-hmIyw AYhm kao-I-cWw (equation).
Hcp \n›nX _nμp-hn¬ \n∂pw Hcp \n¿Zn-jvS-tc-J-bn¬

\n∂p-ap≈ AI-e-ß-fpsS A\p-]mXw ÿnc-kw-Jy-bm-I-Ø°-

hÆw Hcp _nμp Nen-®m¬ AXns‚ _nμp-]-YsØ

tImWnIw (conic) As√-¶n¬ tImWn-I-]-cn-t—Zw (conic
section) F∂p ]d-bp-∂p. \n›nX _nμp- tIm-Wn-I-Øns‚

t^m°kpw \n¿Zn-jvS-tcJ Ub-dn-{SnIvkpw BWv. ÿnc-kwJy-

bmb A\p-]m-X-amWv tImWn-I-Øns‚ DƒtI-{μ-X-(eccentricity).
Cu DƒtI-{μX Ht∂m, H∂n¬ Ipd-thm, H∂n¬ IqSp-Xtem

BIp-∂-X-\p-k-cn®p In´p∂ h{I-ßsf bYm-{Iaw ]cm-s_mf,

Fen-]vkv, ssl]¿s_mf F∂p hnfn-°p-∂p. ]oc-¶n-bn¬

\n∂p Nodn-∏m-bp∂ shSn-bp-≠-bpsS ]Yw ]cm-s_m-f-bm-Wv.

kuc-bq-Y-Ønse {Kl-ßƒ kqcys\ Np‰p∂ ]Yw Zo¿L-

hrØw (ellipse) BWv. kqcy≥ Zo¿L-hr-Ø-Øns‚ Hcp

t^m°-kn¬ ÿnXn-sN-øp-∂p.

{Xnhn-aob kvt]kn¬ Hcp _nμp-hns\ {]Xn-\n-[o-I-cn-

°m≥ 3 kwJy-Iƒ D]-tbm-Kn-°p-∂p. x, y, z \n¿tZim-¶-ß-

fmb _nμp-hn\v aqe-_n-μp-hn¬ \n∂p≈ AIew 222 z  yx ++

BWv. x2 + y2 + z2 = r2 F∂Xv tKmf-Øn-s‚bpw ax + by + cz + d = 0

F∂Xv ka-X-e-Øn-s‚bpw kao-I-c-W-ß-fm-Wv.

(iii) Ah-Ie PymanXn (Differential Geometry). Cu imJ-

bn¬ Ah-I-e-K-WnX (Differential Calculus)Ønse Bi-b-

ßƒ hym]-I-ambn D]-tbm-Kn-°p-∂p. CXn¬ h{I-ß-fpsS

auenI KpW-[¿a-ß-fmb Ncnhv (slope), h{IX (curvature)
F∂n-hbv°p ]pdta kvt]kv h{I-ßƒ, Ah Dƒs°m-≈p∂

G‰hpw sNdnb hnkvXo¿W-ap≈ {]X-e-ßƒ, Pntbm-U-kn-

°p-Iƒ F∂nhsb°p-dn®p {]Xn-]m-Zn-°p-∂p. {^©v KWn-X-

⁄≥ Kmkv]m¿Uv tamwKv, P¿a≥ KWn-X-im-kv{X-⁄≥

Imƒ {^oUvdnIv Kukv F∂n-h-cmWv Cu hn`m-K-Ønse

BZy-Ime Kth-j-I¿. Ah-I-e-Pym-anXn 19-˛Dw 20-˛Dw i.-˛-ß-

fn¬ kPm-Xob (Affine), {]t£-]ob (Projective), kam-Ie

(integral) Pyman-Xn-I-fn-te°p hnI-kn-°p-Ibpw sNbvXn-´p-≠v.

(iv) hnh-c-Wm-flI PymanXn (Descriptive Geometry). inev]n-

Ifpw F≥Pn-\o-b¿amcpw D]-tbmKw Is≠-Øp∂ Pyman-Xob

hn`m-K-am-Wn-Xv. Kmkv]m¿Uv tamwKmWv CXns‚ D]-⁄m-

Xmhv. {]t£]w F∂ XØz-ap-]-tbm-Kn®v Nn{X-ßƒ hc-bv-

t°≠ coXn CXn¬ N¿® sNøp-∂p. sI´n-S-\n¿an-Xn-bn¬

πm≥, Fen-th-j≥ F∂nh Xøm-dm-°m≥ CXp-]-I-cn-°p-∂p.

Z¿i-\-tImSn (perspective), ew_nI {]t£]w (orthographic
projection) F∂nh hnh-c-Wm-flI Pyman-Xn-bnse {][m\

Bi-b-ß-fm-Wv. Nn{X-Im-c-∑m-cmb entbm-\m¿tUm Umhn-©nbpw

B¬s{_lvXv Uqddpw Cu cwKØp {]h¿Øn-®-h-cm-Wv.

(v) Abq-¢o-Un-b≥ ]›m-Øew (The non-Euclidean
background). A`n-Kr-lo-X-ßsf B[m-c-am°n cNn-®, \q‰m≠p-

Iƒ ]g-°-ap≈ Pyman-Xob imJ-bmWv bq¢o-Un-b≥ PymanXn.

bq¢nUns‚ 5˛mw BIvknbw "kam-¥c BIvknbw (axiom on
parallels)' F∂-dn-b-s∏-Sp-∂Xv CXm-Wv.

PymanXn
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"n F∂ t\¿hc l, m F∂o t\¿h-c-Isf Jfin-°ptºmƒ

t\¿h-c-bpsS Hcp hi-Øp-≠m-Ip∂ A¥xtImW-ß-fpsS

BsI-ØpI 180o˛bn¬ Ipdhm-sW-¶n¬, n F∂ t\¿h-c-bpsS

GXp hi-ØmtWm A¥xtImW-ßƒ, B hiØv l, m F∂o

t\¿h-c-Iƒ Iq´n-ap-´pw'.

]e bq¢o-Un-b≥ {]ta-b-ßfpw sXfn-bn-°p-∂Xv Cu

BIvknbw D]-tbm-Kn-®m-Wv. DZm. Hcp {XntIm-W-Ønse 3

tImW-ß-fpsS XpI 180o Bbncn-°pw. kzbw-kn-≤-a√ F∂

Imc-W-Øm¬ 18-˛mw i.-˛-Øn-\p-tijw KWn-X-⁄¿°p kam-

¥c BIvkn-b-Øn¬ s]mcp-Ø-t°Sp tXm∂n. tπs^-b¿

CXn\p ]Icw ]pXn-sbmcp BIvknbw \n¿tZ-in-®p.

am‰n-sb-gpXn doam≥ \n¿an® as‰mcp Abq-¢o-Un-b≥ Pyman-

Xn-bmWv Zo¿L-hr-Øob Pyman-Xn(Elliptic Geometry). Cu Pyman-

Xn-{]-Imcw Hcp {XntIm-W-Ønse 3 tImW-ß-fpsS BsIØpI

180-obn¬ IqSp-X-em-Wv. Zqcw (distance) F∂Xv amdn-s°m-≠n-

cn-°p∂ Hcp Nc-cmin (variable) BsW-∂mWv doams‚ ImgvN-

∏m-Sv. Ie\(Calculus)Øns‚ km[y-X-Ifpw Ah-I-e-Pym-an-Xn-

bpsS coXn-Ifpw doam-\n-b≥ Pyman-Xn-bn¬ Ah-ew-_n-®n-cn-°p-

∂p. Cu Pyman-Xob hn`m-K-Øn\p {]m[m\yw ssIh-∂Xv

1915-˛¬ B¬_¿´v sF≥ssÃ≥ Bt]-£n-I-kn-≤m¥w Ah-

X-cn-∏n-®-tXm-sS-bm-Wv. sF≥ssÃ≥ D]-tbm-Kn® NXp¿hn-aob

kvt]kv-̨ ss‰w Pyman-Xn-bn¬ Zqc-ßsf kw_-‘n® t^m¿ape

doam-\n-b≥ Pyman-Xn-bn-se-∂t]mse Hcp Nc-cm-in-bm-Wv.

(vii) tSmt]m-fPn. Pyman-Xn-bpsS imJ-bmb tSmt]m-fPn

19˛mw i.-˛-Øn-emWp cq]s∏-´-Xv. Hmbve¿ (Euler), doam≥,

]zm≥Isd, Im‚¿ XpS-ßnb KWn-X-im-kv{X-⁄¿ Cu imJ-

bn¬ kw`m-h-\-Iƒ \evIn-bn-´p-≠v. hncq-]Ww (deformation)
sIm≠v, AXm-bXv hen-®p-\o-´¬, hf-bv°¬, Np°n-®p-fn-b¬

apX-em-b-h-sIm-≠v, hkvXp-hns‚ am‰w hcmØ KpW-[¿a-ß-

PymanXn

'l F∂Xp X∂n-´p≈ t\¿h-c-bpw, P AXn¬ C√mØ Hcp

_nμphpw BsW-¶n¬ Ah-bpsS Xe-Øn¬ P bn¬°qSn

t]mIp-∂Xpw l-t\mSp Iq´n-ap-´m-Ø-Xp-amb Hscm‰ t\¿hc m
am{Xta-bp≈p'. kam-¥-c-tc-J-I-sf-°p-dn®v Ffp-∏-Øn¬ Hc-h-

t_m[w Df-hm-°nb Cu BIvkn-bhpw CXn-\p-tijw h®

F√m ]Ic BIvkn-b-ßfpw \ncm-I-cn-°-s∏-´p.

kam-¥c BIvkn-b-Øn¬ \n∂pw XnI®pw hn`n-∂-amb

Hcp BIvkn-b-hp-ambn Kukv cwK-Øp-h-∂p. "l F∂Xv Hcp

t\¿h-cbpw P˛bn¬°qSn t]mIp-∂Xpw l˛t\mSp Iq´n-ap-´m-Ø-

Xp-amb AkwJyw t\¿h-cI-fp≠v'. Cu BIvkn-bhpw bq¢n-

Uns‚ a‰v 9 BIvkn-b-ßfpw D]-tbm-Kn®v At±lw ]e

]pXnb {]ta-b-ßfpw sXfn-bn-®p. Cu Pyman-Xn°v Kukv

"Abq-¢o-Un-b≥ PymanXn' F∂p t]cn-´p. Cu Pyman-Xn-b-\p-

k-cn®v Hcp {XntIm-W-Ønse tImW-ß-fpsS BsI-ØpI

180o˛bn¬ Ipd-hm-Wv. {]Y-a-ho-£-W-Øn¬ CXv A_-≤-P-Sn-e-

am-sW∂p tXm∂n-tb-°mw. {XntIm-W-Øns‚ hnkvXr-Xn-b-\p-

k-cn®v tImW-ß-fpsS BsI-Øp-I-bnepw hyXymkw hcp∂p.

hnkvXo¿Ww ]qPysØ kao-]n-°p-tºmƒ XpI 180o˛tbmSv

ASp-°pw. km[m-cW \mw D]-tbm-Kn-°p∂ {XntIm-W-ßƒ

sNdp-Xm-bn-cn-°pw. Af-°m-\p-]-tbm-Kn-°p∂ D]-I-c-W-ß-fpsS

]ni-Ip-Iƒ (errors) IqSn ]cn-K-Wn-°p-tºmƒ XpI 180o˛tbmSv

ASp-Øp-am-{Xta hcq F∂p ImWmw. CXp-X-s∂-bmWv Kukv

kn≤m-¥n-°p-∂-Xpw. Abq-¢o-Un-b≥ Pyman-Xnsb kw_-‘n®

\nK-a-\-ß-sfm∂pw Xs∂ Kukv kz¥w Pohn-X-Im-eØv {]kn-

≤o-I-cn-®n-√. djy-bnse \ns°m-fmbv sem_m-tjy-hvkvIn-bp-

sSbpw lwK-dn-bnse bmt\m-kvs_m-fym-bp-sSbpw t]cn-emWv

Abq-¢o-Un-b≥ PymanXn s]mXpsh Adn-b-s∏-Sp-∂-Xv. sem_m-

tjyhvkvIn 1931-̨ epw s_mfymbn 1936-̨ epw kzX-{¥-ambn Kth-

j-W-^-e-ßƒ {]kn-≤o-I-cn-°p-I-bm-bn-cp-∂p. C∂v ssl]¿-

s_m-fnI PymanXn F∂ t]cnepw Cu imJ Adn-b-s∏-Sp-∂p.

(vi) doam\n-b≥ PymanXn (Riemanian Geometry). Kukns‚

injy-\mb {^oUvdnlv s_¨lm¿Uv doam≥ (1826-˛66) bq¢n-

Uns‚ ]e BIvkn-b-ß-sfbpw tNmZyw sNbvXp. Hcp t\¿hc

A\-¥-ambn \o≠p-t]m-Ip∂p F∂ bq¢o-Un-b≥ BIvkn-b-

Øn-s\-Xn-cmbn `uXnI kvt]knse Hcp t\¿hc Hcn-°epw

A\-¥-X-bn-te°p t]mIp-∂-Xmbn A\p-`-h-s∏-Sp-∂n√ F∂-

t±lw {]kvXm-hn-®p. Hcp tcJ Ah-km-\n-°p-∂n√ F∂Xp-

am{XamWv `uXn-I- k-Xyw. DZm. `qa-[y-tc-J. AXm-b-Xv- Hcp

tcJ Ah-km-\-an-√m-Ø-Xm-sWt∂m (endless) ]cn-_-≤-am-

sWt∂m (unbounded) ]d-bm-sa∂p am{Xw. kam-¥-c-tc-J-I-fn-

s√∂p k¶-ev]n®v bq¢o-Un-b≥ Pyman-Xn-bnse BIvknbw

fpsS ]T-\-amWp tSmt]m-f-Pn. "d∫¿jo‰v tPyma{Sn' F∂

t]cnepw CX-dn-b-s∏-Sp-∂p.

Nn{Xw (3)-˛¬ hnc-ep-sIm≠v d∫¿jo-‰n¬ D≠m-°n-bn-cn-

°p∂ hncq-]-W-ßƒ {i≤n-°p-I. CØcw hncq-]-W-Øn¬

Ahiyw ]men-t°≠ hyh-ÿ-Iƒ \njvI¿jn-®n-´p-≠v.

tSmt]m-f-Pn-bn¬ Pyman-Xob cq]-ß-fpsS hfsc kmam-\y-

amb KpW-[¿a-ßƒ am{Xta ]T-\-hn-t[-b-am-°p-∂p-≈p. bq¢o-

Un-b≥ Pyman-Xn-bp-am-bp≈ kp{]-[m-\-amb Hcp hyXym-k-am-

Wn-Xv. tSmt]m-f-Pn-bn¬ Hcp hrØsØ Zo¿L-hrØw sImt≠m

tKmfsØ Afim-Ir-Xn-bn-ep≈ cq]w sImt≠m {]Xn-ÿm-

]n°mw. F∂m¬ tKmfhpw ssk°nƒSyq_v t]mep≈ tSmdkv

(torus) F∂ {]X-ehpw XΩn¬ A¥-c-ap-≠v. hncq-]-W-{]-{In-

b-IƒsIm≠p In´p∂ cq]-am-‰-ßƒ tSmt]m-f-Po-b-ambn Xpey-

am-\-sat∂m (topologically equivalent) tlman-tbm-tam¿^n-I-

sat∂m ]d-bp-∂p. hrØhpw NXp-chpw tSmt]m-f-Po-b-ambn

Xpey-am-\-am-Wv. F∂m¬ Hcp hrØsØ hf-s®m-Snt®m Np°n-

®p-fnt®m In´p∂ F v́ (8) F∂ A°-Øns‚ BIrXn hrØm-

Ir-Xn-bp-ambn tSmt]m-fPob-ambn Xpey-am-\-a-√.

tKmf-Øn-s‚tbm Zo¿L-hr-Ø-P-Øn-s‚tbm ]pdØv Hcp

kwhr-X-h{Iw hc-bv°p-tºmƒ AXn-\p-≈n¬ Ft∏mgpw hnkv-

Xo¿W-ap≈ Hcp `mKw th¿Xn-cn-bp-∂p. F∂m¬ Hcp tSmd-

kn\p ]pdØv hnkvXo¿W-ap≈ `mKw th¿Xn-cn-bmØ c≠p
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kwhr-X-h-{I-ßƒ hc-bv°m-hp-∂-XmWv (Nn{Xw 4). AXp-sIm≠v

tKmfhpw (Zo¿L-hr-Ø-hpw) tSmdkpw tSmt]m-f-Po-b-ambn Xpey-

am-\-a-√.

\ap°p Np‰p-ap≈ `uXn-I-h-kvXp-°-fpsS Nn{X-W-amb

bq¢o-Un-b≥ Pyman-Xn-bn¬ F√m hkvXp-°ƒ°pw c≠p hi-

ap-≠v. AXm-bXv Hcp AI-h-ihpw Hcp ]pd-h-i-hpw. F∂m¬

Hcp hiw am{X-ap≈ {]X-e-ßsf tSmt]m-f-Pn-Ãp-Iƒ Ah-X-

cn-∏n-°p-∂p.

ØpI 180obn¬ Ipd-hm-sW-¶n¬, t\¿h-c-bpsS GXp hi-

ØmtWm A¥xtImW-ßƒ, B hiØv c≠p t\¿h-c-Ifpw

k‘n-°pw.

bq¢n-Uns‚ s]mXp-X-Øz-ßƒ:

1. Hcp hkvXp-hn-t\mSp Xpey-ß-fmb hkvXp-°-sf√mw

At\ym\yw Xpey-ß-fm-Wv.

2. Xpey-ß-tfmSp Xpey-ßƒ Iq´p-tºm-gp-≠m-Ip∂ XpI-

Iƒ Xpey-ß-fm-Wv.

3. Xpey-ß-fn¬ \n∂p Xpey-ßƒ Ipd-®m-ep-≠m-Ip∂ ^e-

ßƒ Xpey-ß-fm-bn-cn-°pw.

4. kw]-Xn-°p∂ (coincide) hkvXp-°ƒ Xpey-ß-fm-bn-

cn°pw.

5. ]q¿W-ßƒ `mK-ß-sf-°mƒ hep-Xm-Wv.

2. ka-Xe PymanXn (Plane Geometry). Fen-sa‚ vknse

13 `mK-ß-fn¬ BZy Bdp-`m-K-ßƒ ka-X-e-Pym-an-Xn-sb-°p-

dn®pw ]n∂o-Sp≈ 4 `mK-ßƒ kwJy-I-fp-sSbpw Zqc-ß-fpsSbpw

KpW-[¿a-ß-sf-°p-dn®pw Ah-km\ 3 FÆw L\-Pym-an-Xnsb-

°p-dn®pw {]Xn-]m-Zn-°p-∂p. Pyman-Xob k¶-ev]-ßƒ°v ASn-

ÿm-\-an-Sp∂ _nμp, tcJ, Xew, hrØw, {]Xew XpSßnb-

hsb \n¿h-Nn-®p-sIm-≠mWp bq¢nUv {]ta-b-ß-fn-te°p IS-

°p-∂-Xv. C∂v Cu ]Z-ßƒ°p \n¿h-N\w sImSp-°m-dn-√.

ka-X-e-Pym-an-Xn-bn¬ tcJm-Jfiw (line segment), tImWw

(angle), {XntImWw (triangle), _lp-̀ pPw (polygon), tImWnI

]cn-t—Zw (conic section) F∂n-h-sb-°p-dn-®p≈ bq¢n-Uns‚

]T-\-ßƒ {]m[m-\y-a¿ln-°p-∂p. Hcp EPp-tc-J-bn¬ X∂n-

´p≈ c≠p _nμp-°ƒ°n-S-bn-ep≈ F√m _nμp-°fpw tcJm-

J-fi-Øn¬ Dƒs∏-Sp-∂p. tcJm-J-fi-Øn\v c≠v A‰-_n-μp-

°ƒ D≠v F∂Xpw AXp tcJ-sb-t∏mse c≠p-h-i-ß-fn-

te°pw \o≠p-t]m-Ip-∂n√ F∂-Xp-amWv tcJm-J-fihpw

tcJbpw XΩn-ep≈ hyXym-kw. civan (ray) BIs´ Hcp

_nμp-hn¬ XpS-ßp-Ibpw Hcp Zni-bn-te°p \o≠p-t]m-Ip-

Ibpw sNøp-∂p. c≠p civan-Iƒ°p s]mXp-hmb Hcp A‰-

_nμp Ds≠-¶n¬, Ah-bnse A‰-_nμp Dƒs∏-sS-bp≈ _nμp-

°-fpsS KW-amWv tImWw (angle). kao-]-ÿ-tIm-W-ßƒ

Xpey-am-I-Ø-°-hÆw c≠p tcJ-Iƒ Iq´n-ap-´p-tºmƒ, Cu

tImW-ßsf ew_-tIm-W-ßƒ AYhm a -́tIm-W-ßƒ (right
angles) F∂p ]d-bp-∂p. CXns‚ Un{Kn-bn-ep≈ Afhv 90o

bpw tdUn-b-\n-ep-≈Xv 2
π

Dw BIp-∂p. 3 Ak-a-tcJm (non-

collinear) _nμp-°fpw Ahsb tbmPn-∏n-°p∂ tcJm-J-fi-

ßfpw tN¿∂-XmWv {XntIm-Ww. CXnse tImW-ß-fpsS BsI-

ØpI 180o BWv. 4 hi-ß-fp≈ _lp-`p-PsØ NXp¿`pPw

(quadrilateral) F∂p ]d-bp-∂p.

Hcp ka-Xew ew_-hr-Øob tImWn-I-{]-X-esØ (right
circular cone) {]Xn-t—-Zn-°p-tºmƒ In´p∂ h{I-ßsf tImWnI

]cn-t—-Z-ßƒ (conic sections) F∂p ]d-bp-∂p. tImWn-I-{]-

X-e-Øns‚ A£-Øn\p ew_-ambn ka-Xew {]Xn-t—-Zn-°p-

PymanXn

Nn{Xw (5)se tam_n-bkv \mSbpw ss¢≥Ip-∏nbpw Hcp

hiw am{X-ap≈ {]X-e-ß-fm-Wv.

tSmt]m-f-Pn-°p≈ Hcp apJ-hpc am{Xta ChnsS sImSp-

Øn-́ p-≈p. KWn-X-im-kv{X-Øn¬ kvt]kv F∂ hm°v hfsc

Aaq¿Ø(abstract)amb Hcm-i-b-sØ-bmWv Ipdn-°p-∂-Xv. 19˛mw

i.-̨ -Øns‚ Ah-km-\-tØmsS ]e-X-c-Øn-ep≈ kvt]kp-Ifpw

Ah-bpsS KpW-[¿a-ßfpw Bhn-jvI-cn-°-s∏-´p. B[p-\nI

KWnXw kΩn-{ihpw Aaq¿Ø-hp-ambn amdn-s°m-≠n-cn-°p-

tºmƒ Aaq¿Ø-ß-fmb Bi-b-ßƒ°p ap≥Xq°w e`n-°p∂p.

F√m-hn[ kvt]kp-I-fp-sSbpw s]mXp-hmb KpW-[¿a-ßƒ

IW-°n-se-SpØv Pyman-Xo-bm-i-b-ßƒ D]-tbm-Kn®v kvt]kp-

I-fpsS Hcp ASn-ÿm-\-kn-≤m-¥-Øn\p {^©p-K-Wn-X-⁄-

\mb tamdnkv s{^j‰v (1878-˛1973) cq]w sImSp-Øn-´p-≠v.

"Aaq¿Ø kvt]kp-I-fpsS kn≤m¥w (The theory of abstract
spaces)' F∂ t]cn¬ CX-dn-b-s∏-Sp-∂p. ^e-\-kvt]-kp-Iƒ

A\-¥-hn-ao-b-ß-fm-Wv. ^e-\-sØ-°p-dn-®p≈ kn≤m-¥-ß-fn¬

Pyman-Xo-b-amb Dƒ°mgvN Ah-bpsS k¶o¿W-kz-`m-h-Øn\v

Abhp hcp-Øp-∂-Xn-\m¬ kvt]kp-I-fpsS ]T\w Ffp-∏-am-

Ip-∂p. B[p-\nI KWn-X-⁄-cpsS ho£-W-Øn¬ tlmantbm

tam¿^nI cq]m-¥-cWw sIm≠v am‰-an-√msX XpS-cp∂ (\n-›-

c-am-Ip-∂) kvt]knse KpW-[¿a-ß-sf-°p-dn-®p≈ ]T-\-amWp

tSmt]m-fPn.

III. bq¢o-Un-b≥ PymanXn (Euclidean Geometry). {Ko°p

KWn-X-⁄-cpsS kp{]-[m\ t\´-ß-fn-sem-∂v \nK-a-\-ß-fn-

eqsS Ah¿ Ah-X-cn-∏n® Pyman-XnbmWv. bq¢o-Uns‚ Fen-
sa‚ vkv F∂ {KŸw Pyman-Xob ]T-\-ß-fpsS {]am-W-{K-Ÿ-

am-Wv. 13 `mK-ß-fmWv Cu {KŸ-Øn-\p-≈-Xv. t\¿h-c, _nμp,

hrØw, ka-X-ew, L\-cq]w F∂n-h-sb-°p-dn®v Adn-tb≠

]e hnh-c-ßfpw sXfn-hp-Iƒ klnXw CXn-ep-≠v. 5 BIvkn-

b-ßfpw 5 s]mXp-X-Øz-ßfpw B[m-c-am-°n-bp-≈, _p≤n-

]q¿h-I-amb Nn¥m-[m-c-bpsS ]cn-W-X-^-e-amWv bq¢n-Uns‚

{]ta-b-ßƒ.

1. bq¢n-Uns‚ BIvkn-b-ßƒ
1. Hcp _nμp-hn¬ \n∂p as‰mcp _nμp-hn-te°v Hcp

t\¿hc hc-bv°mw.

2. Hcp t\¿h-c-bn¬°qSn XpS¿®-bmbn km¥-amb Hcp

t\¿hc hc-bv°mw.

3. Hcp hrØ-Øns‚ tI{μhpw AXn-ep≈ Hcp _nμphpw

X∂m¬ hrØw hc-bv°mw.

4. F√m a´-tIm-W-ßfpw Xpey-am-bn-cn-°pw.

5. Hcp t\¿hc c≠p t\¿h-c-Isf Jfin-°p-tºmƒ t\¿h-

c-bpsS Hcp hi-Øp-≠m-Ip∂ A¥xtImW-ß-fpsS BsI-
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ChnsS S t^m°kpw I \nbX-tcJ (directrix)bpw e DƒtI{μX

(eccentricity)bpw BWv.

e = 1 Bbm¬ In´p∂ h{I-amWp ]cm-s_m-f. e < 1 Bbm¬

Fen]vkpw e > 1 Bbm¬ ssl]¿s_m-fbpw In´p-∂p.

]cm-s_m-f. ]cm-s_m-f-bpsS DƒtI-{μX e = 1 BbXp-

sIm≠v Hcp \n›nX _nμp-hn¬ \n∂pw \n›n-X-tc-J-bn¬

\n∂pw Xpey AI-e-Øn¬ k©-cn-°p∂ _nμp-hns‚ _nμp-

]-Y-amWv Cu h{Iw. kao-I-c-W-Øns‚ am\-I-cq]w (standard

form) y2 = 4ax; io¿jw (0, 0) ka-anXn A£w x -˛-A£w;

\nbX-tc-J-bpsS kao-I-cWw x + a = 0 (x A-£-Øns‚ CS-Xp-

h-iØp y A£-Øn\p kam-¥-c-ambn a Zqc-Øn-ep-f-f-Xv).

Fen-]vkv. DƒtI-{μX e < 1 Bb tImWn-I-amWv Fen]vkv.

hen-®p-\o-́ nb Hcp hrØ-sØ-t∏m-se-bmWv CXns‚ BIrXn.

am\I kaoIcWw ;
b
y

a
x

1
2

2

2

2

=+  c≠p t^m°- p-Iƒ

S (æ; 0), S1 (–æ,0); c≠p \nb-X-tc-J-Iƒ 
e
a

 x  ,
e
a

x
−== . Nn{X-

Øn¬ Fen-]vkns‚ Zo¿L A£w (major axis) = A'A = 2a;

eLp A£w (minor axis) = B'B = 2b. P F∂Xv Fen-]vknep≈

GsX-¶nepw _nμp-hm-bm¬ SP + S'P = 2a F∂p In´p-∂p. AXm-

bXv c≠p \n›nX _nμp-°-fn¬ \n∂p≈ Zqc-ß-fpsS XpI

ÿnc-kw-Jy-bm-I-Ø-°-hÆw k©-cn-°p∂ _nμp-hns‚ ]Y-

amWv Fen-]vkv. tPymXn-»m-kv{X-]-c-ambn Cu h{I-Øn\p

hfsc {]m[m-\y-ap-≠v. sI]vf-dpsS \nb-a-a-\p-k-cn®v kqcy\p

Np‰p-ap≈ {Kl-ß-fpsS k©m-c-]Yw Fen-]vkp-I-fmWv;

kqcys‚ ÿnc-ÿm\w Hcp t^m°- n-epw.

ssl]¿s_m-f. ssl]¿s_m-f-bpsS DƒtI-{μ-X e > 1.

am\I kao-I-cWw ;
b
y

a
x

1
2

2

2

2

=−  c≠p t^m°- p-Iƒ

S (æ, 0), S1 (–æ,0); A'A = 2a, B'B = 2b. A'A-sb A\p-{]ÿ

A£w (transverse axis) F∂pw B'B˛sb kwbp‹n A£w

(conjugate axis) F∂pw ]d-bp-∂p. c≠p \nb-X-tc-J-Iƒ

e
a

  x  ,
e
a

x −== . tImWn-I-ß-fn¬ ssl]¿s_m-fbv°p am{Xta

A\-¥-kv]¿in-Iƒ (asymptotes) D≈p.

PymanXn

‘-\bv°p hnt[-b-am-bn-cn-°p-∂p. Cß-s\-bp≈ \n_-‘-\-

sb-bmWv kao-I-cWw F∂p ]d-bp-∂-Xv. (x1, y1), (x2, y2) F∂o

_nμp-°-fn-eqsS IS-∂p-t]m-Ip∂ t\¿h-c-bpsS kao-I-c-W-amWv

12

1

12

1

yy

yy

xx

xx

−

−
=

−

−
.

Ncn-hp-am-\-ßƒ m1, m2 Bb c≠p tcJ-Iƒ tOZn-°p-tºm-

gp-≠m-Ip∂ tImWw Bbm¬ 
21

21

mm1

mm
tan

+

−
=  F∂p sXfn-

bn-°mw. CXn¬\n∂v, c≠p tcJ-Iƒ kam-¥-c-am-sW-¶n¬

m1 = m2; ew_-ß-fm-bm¬ m1 m2 = –1. GXp t\¿h-c-bp-sSbpw

kmam\y kao-I-cWw ax + by + c = 0 BWv.

2. hrØw. bq¢o-Un-b≥ Pyman-Xn-bn¬ Hcp \n›nX _nμp-

hn¬ \n∂p ÿnc-Zq-c-Øn¬ k©-cn-°p∂ _nμp-hns‚ _nμp-

]Yw (locus) BWv hrØw. \n›nX _nμp-hns\ hrØ-

Øns‚ tI{μw F∂pw ÿnc-Zq-csØ Bcw (radius) F∂pw

]d-bp∂p. tI{μw (h,k)bpw Bcw- r˛Dw Bbn hc-bv°p∂

hrØ-Øns‚ kao-I-c-W-amWv (x – h)2 + (y – k)2 = r2. F√m

hrØ-ß-fp-sSbpw kao-I-c-W-Øns‚ s]mXp-hmb cq]-amWv

x2 + y2 + 2gx + 2fy + c = 0 F∂-Xv. Cu hrØ-Øns‚ tI{μw

= (–g, –f); Bcw = cfg 22 −+ . hrØ-Øns‚ {][m-\-amb

Hcp khn-ti-jX AXns‚ ]cn-[n-bn-ep≈ GsXmcp _nμp-

hn-eqsS hc-bv°p∂ kv]¿i-tcJ(tangent)bpw AtX _nμp-

hn-eqsS hc-bv°p∂ Bchpw ]c-kv]cw ew_-ß-fm-bn-cn°pw

F∂p-≈-Xm-Wv.

3. tImWn-I-ßƒ (Conics). Hcp ew_-hr-Øob tImWns\

Hcp ka-Xew hyXykvX tImW-ß-fn¬ tOZn-°p-tºmƒ In´p∂

GsXmcp h{I-Øn-s\bpw tImWnIw F∂p ]d-bp-∂p. Ch

aq∂p-hn-[-ap-≠v. ]cm-s_m-f, Fen-]vkv, ssl]¿s_m-f.

Nn{Xw 11-˛¬ S Hcp \n›nX _nμphpw I Hcp \n›nX

tcJbpw P Nen°p∂ Hcp _nμphpw BsW-∂n-cn-°-s´. P˛bn¬

\n∂v I tcJbn-te-°p≈ ew_-amWv PM. _nμp P Nen°p∂Xv

e
PM

SP = (ÿn-cm-¶w) F∂ \n_-‘-\bv°p hnt[-bambmWv.

At∏mƒ P-bpsS _nμp-]-YsØ tImWnIw F∂p ]d-bp-∂p.






